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Abstract: This paper presents an approach to validate computational models in the design 
space under uncertainty. The basic idea is to first characterize the model bias; then correct 
the original model prediction by adding the characterized model bias in the design space. 
Particularly, a two-step calibration procedure is proposed and the model bias at each 
design configuration is approximated using the Maximum Entropy Principle (MEP) 
method. With the characterized model bias at several design configurations, response 
surface of the model bias is finally constructed to approximate the model bias at any new 
design configurations. Two examples including a modified vehicle side impact problem 
and a thermal problem are used to demonstrate the feasibility of the proposed approach.     
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1. Introduction  
Computational models are extensively used in design of engineering systems to analyze, 
predict, and optimize the performance of real physical systems. When models are accurate 
and reliable, demand to conduct time consuming and costly physical experiments can be 
reduced, and product/system development time and cost can be significantly decreased. 
However, models are generally built on the basis of many assumptions and simplifications 
and therefore model validation becomes a necessary process of determining the degree to 
which a model is an accurate representation of the real world from the perspective of the 
intended uses of the model [1-3].  

Validation of computational models in the design space is challenging because only 
limited physical experiments may be available at a few design configurations due to the 
lack of resources. Design space in this paper is defined as the allowable design domain of 
all design variables for an engineering design practice, where the domain of each design 
variable is specified by the lower and upper bound. One approach is to characterize the 
model bias using a regression model at a specified design configuration and assume this 
regression model is also applicable to other design configurations [4]. Hence, original 
model prediction can be corrected by adding the characterized model bias. This approach 
may produce inaccurate model prediction because it is tricky to correctly identify 
coefficients of the regression model based on only one design configuration. Alternatively, 
a design-driven validation approach [5] was proposed to identify an optimal design when 
model is inaccurate for predicting real system performances. However, model accuracy is 
only locally improved by requiring more physical experiments in a small region near the 
‘optimal’ design. In this approach, model is validated near the ‘optimal’ design, but the 
identified ‘optimal’ design may not be the true optimum because the design optimization 
is conducted in an invalidated design space. Recently, a sequential model validation 
approach [6] was proposed to increase confidence of the optimal design. Model validation 
is first conducted at the baseline design; followed by design optimization in a small 
validated domain to find next design configuration. Model validation is again executed in 
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the identified design configuration, resulting in a new small validated domain. This 
process is sequentially carried out till the convergence of the design. This approach is 
computationally expensive because design optimization and model validation are coupled 
together.     

Objective and contribution of this paper is to develop an effective model bias 
characterization approach in the design space under uncertainty such that model 
prediction accuracy can be improved in the intended uses of the model. It is 
acknowledged that computational models typically should be fundamentally revised [2, 7] 
if they do not meet a required accuracy level. However, this process is difficult to be 
implemented in reality. First of all, identification of the root cause for model inaccuracy is 
complicate particularly for large scale engineering systems. Second, fundamental 
modification of the model is time consuming and costly. Third, there is probably no ideal 
model which can predict the real physical systems without the model bias. Therefore, an 
alternative process is proposed to first characterize the model bias in the design space; 
then correct the original model prediction by adding the characterized model bias. Such 
process is especially useful to improve accuracy of a low fidelity model (e.g., a meta-
model with high computational efficiency) comparable to a high fidelity model (e.g., finite 
element analysis with low computational efficiency) so that design optimization can be 
effectively conducted using the low fidelity model without sacrificing the accuracy. Three 
technical components are proposed to accomplish this goal including: 1) a two-step 
calibration procedure; 2) the Maximum Entropy Principle (MEP) method for accurate 
approximation of the model bias at specific design configurations; and 3) response surface 
construction of the model bias in the design space. Rest of the paper is organized as 
following. Section 2 expounds essential difference between model validation and model 
calibration and proposes a two-step calibration procedure for model validation. Section 3 
suggests the MEP method to approximate the model bias. Section 4 elaborates corrected 
model prediction in the design space with the aid of response surface construction of the 
model bias. Two examples including a modified vehicle side impact problem and a 
thermal problem are used to demonstrate the feasibility of the proposed approach in 
Section 5. Finally, conclusion is made in Section 6.   

2. Model Validation and Model Calibration 

A general relationship between the model prediction and the experimental data can be 
expressed as [8] 
 εδ −=+ YY ),,(ˆ φXP  (1) 
where Ŷ and Y are the predicted and the measured system performances, respectively, δ is 
the model bias, ε is the measurement error, P is a vector of the deterministic model 
variable, X and φ are the vectors of the irreducible and reducible model random variables, 
respectively. The irreducible random variables (X) are characterized using PDFs with 
sufficient information. The reducible random variables (φ) are derived from the lack of 
information for describing the uncertainty. For example, parameters, i.e., the mean and the 
variance of the PDF, or even distribution types are uncertain unless sufficient information 
is collected. The measurement error ε is mainly affected by the equipment accuracy and 
human errors. In this section, we ignore the measurement error ε to simplify the 
discussion for model validation and model calibration. Hence, Eq. (1) is rewritten as 
 YY =+ δ),,(ˆ φXP  (2) 

In study of model calibration, the objective is to maximize the agreement between the 
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model prediction and the experimental data at one or a few design configurations. A 
common approach for simplification is to disregard the model bias δ by maximizing the 
agreement between the original model prediction Ŷ and the experimental data Y through 
calibration of unknown model variables (e.g., P and φ). These model calibration studies 
can be found in literature [9-12]. Another approach is to calibrate unknown model 
variables and the model bias δ  simultaneously [4, 8]. However, numerous feasible 
solutions are possible in this approach. For any distribution of Ŷ associated with the 
calibrated model variables, the best distribution of the model bias δ can always be 
identified and vice versa. It is apparent that the calibrated model variables and model bias 
may not be the true values. This is acceptable in model calibration because models are 
treated more pragmatically to increase their predictive power for one or several specified 
design configurations [8].  

In study of model validation for reliability based design, the objective is to improve 
the model prediction accuracy in the design space. Therefore, it is risky to directly use 
above model calibration technique because the model prediction could be inaccurate in the 
design space due to incorrect calibration of the model variables and the model bias. On the 
other hand, it is feasible that the model variables and the model bias can be accurately 
approximated in the design space if they can be correctly calibrated at several specified 
design configurations. We will further elaborate this procedure in Section 4 and Section 5. 
In this section, a two-step calibration procedure is proposed for model validation.   

Step 1: calibrate unknown model variables through separate calibration experiments; 
Step 2: calibrate the model bias using the statistical calibration technique at each 
design configuration. 

In step 1, material properties are common unknown model variables subject to inherent 
uncertainty due to the manufacturing tolerance. Once the uncertainty of material 
properties is calibrated, it may be applied to the model in the design space as the material 
properties are unchanged in the reliability based design. Such calibration experiments can 
be found in literature [9, 13] as part of the study for model validation and model 
calibration. In step 2, the model bias can be calibrated using Eq. (3).  

 ( ) ( )[ ]∑
=

=
m

i
iyfL

1
10 |log|maximize δδy  (3) 

where yi is a component of the system performance vector y; L is the likelihood function; 
m is the number of experimental data; and f is the PDF of the system performance from 
the corrected model prediction given the calibrated model bias δ.  

In short, model calibration intends to maximize the agreement between the model 
prediction and the experimental data for one or several known design configurations, 
whereas model validation expects to truly identify the unknown model variables and the 
model bias so that the corrected model prediction is accurate for the envisioned uses of the 
model.  

3. Model Bias Characterization using the MEP Method 

In a specific design configuration considering model random variables (e.g., X and φ), the 
calibrated model bias δ  in Eq. (3) can be represented by an arbitrary distribution. Hence, 
it is necessary to propose a method that enables to approximate arbitrary distributions to 
characterize the model bias δ.  

In 1957, E.T. Jaynes [14] proposed a rule to assign numerical values to probabilities 
in circumstances where certain partial information is available. Today this rule, known as 
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the MEP [14], has been used in many fields. The PDF of the model bias δ can be 
approximated by maximizing the entropy subject to the known information such as the 
statistical moments. The problem can be formulated as   

 Maximize ∫−=
2
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)(log)(
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dppf δδδ  (4) 
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where µj ' is the jth known raw moment of the model bias, and c1 and c2 are the lower and 
upper bounds of the model bias δ, respectively.  

The optimization problem has the solution of the following form  
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where λ j is the Lagrange multiplier and N is the total number of known raw moments. The 
Lagrange multipliers can be obtained by solving a set of nonlinear equations defined in Eq. 
(4). Although this method is straightforward, it is relatively difficult to find the optimum 
numerical solution when four nonlinear equations are involved. A more efficient method is 
suggested by introducing a potential function [15] defined as 
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     The stationary points of Eq. (6) satisfy the equality constraints defined in Eq. (4) and 
they can be solved efficiently due to the convexity and positive definiteness of the Hessian 
matrix of the potential function. One numerical algorithm that can be employed to find the 
stationary points is the so-called iterative Newton algorithm, of which the formulation at 
the kth iteration can be expressed as 

 [ ] [ ] ( )[ ] [ ][ ]kkkk μμHλλ −−= −+ '11  (7) 
where λ[k] is the vector consisting of N Lagrange multipliers at the kth iteration; μ′ is the 
vector consisting of known raw moments; <μ>[k] is the vector of calculated raw moments 
with the kth Lagrange multiplier; and H is the Hessian matrix. It is investigated in 
literature [16] that four moments are typically sufficient to represent arbitrary unimode 
PDF using the MEP method. Therefore, the first four central moments (i.e., mean, 
standard deviation, skewness, and kurtosis) of the model bias δ are defined as calibration 
parameters in Eq. (3). 

4. Corrected Model Prediction in the Design Space 

Five steps are summarized to obtain corrected model prediction in the design space with 
the aid of the response surface of the model bias. 

Step1: identify optimal distributions of the model bias using Eq. (3) and the MEP 
method under several design configurations;  
Step 2: construct four response surfaces for the first four central moments of the 
model bias;   
Step 3: calculate the first four central moments of the model bias at new design 
configurations on the basis of the response surfaces; 
Step 4: approximate the distributions of the model bias at new design configurations 
using the MEP method; 
Step 5: obtain corrected model prediction at new design configurations.  
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Response surface of the model bias plays a critical role in the process of obtaining 
corrected model prediction. Its accuracy mainly depends on three factors including: 1) 
nonlinearity of the model bias in the design space; 2) amount and location of the identified 
model bias in the design space; and 3) algorithm of the response surface method. Quality 
of the original model determines the nonlinearity of the model bias in the design space 
and its discussion is out of the scope of this paper. The second factor is decided by 
available resources for conducting validation experiments at different design 
configurations. Intuitively, more validation experiments increase accuracy of the response 
surface of the model bias in the design space and this category of study belongs to the 
response surface methodology [17]. Finally, we select the Stepwise Moving Least Square 
(SMLS) method for response surface construction due to its high accuracy [18].  

5. Examples 

5.1 Vehicle side Impact Problem 

One of the vehicle side impact performances, velocity of the front door at the B-pillar, is 
used to demonstrate the two-step calibration approach for identifying the model bias using 
the MEP method. The original system performance is expressed as [19], 
 2

775653241 000786.00556.00432.0843.0489.045.16ˆ xxxxxxxxxY −−+−−=  (8) 
Statistical properties of model random variables are shown in Table 1. As a case study, 
true model bias is assumed as  
 543251 3.04.01.05.0 xxxxxx +++=δ  (9) 
     Hence, the true system performance (Y) is expressed in Eq. (10) without considering 
the measurement error ε.  
 δ+= YY ˆ  (10) 

Table 1: Statistical Properties of Model Random Variables for a Vehicle Side Impact Problem 

Random Variables Dist. Type Std. Dev. Mean 
x1 (Floor side inner) Normal 0.050 1.00 
x2 (Door beam) Normal 0.050 1.00 
x3  (Door belt line) Normal 0.050 1.00 
x 4  (Roof rail) Normal 0.050 1.00 
x5   (Mat. Floor side inner) Normal 0.006 0.30 
x6   (Barrier height) Normal 10.0 0 
x7  (Barrier hitting) Normal 10.0 0 

 
Two cases were considered as follows. 

Case 1: Only the model bias δ is unknown; 
Case 2: The model bias δ is unknown and statistical properties of x7 are unknown. 
The mean of x7 could range from -3 to 3 and the standard deviation could range from 
5 to 15. 

Sufficient virtual experimental data were used to demonstrate the two-step calibration 
procedure for model validation. Calibrations of two cases are listed in Table 2, where µj is 
the jth central moment of the model bias; aj and dj stand for the lower and upper bound, 
respectively.  
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Table 2: Calibrations for Case 1 and Case 2 

Calibration of case 1 Calibration of case 2 
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In case 1, PDF of Ŷ+δ was obtained using Monte Carlo Simulation (MCS). Random 

samples of Ŷ were generated according to Eq. (8) and the statistical properties of the 
model random variables in Table 1. Random samples of δ were generated based on its 
distribution, which is determined from the first four central moments using the MEP 
method. Four optimal central moments (i.e., mean, standard deviation, skewness, and 
kurtosis) of δ were identified as 1.0209, 0.0388, 0.0995, and 2.8212 after the calibration. 
Comparisons are shown in Fig. 1 between the true and identified model bias and between 
the true and predicted system performance. The model bias δ is accurately identified in 
this case because all model random variables are known as shown in Table 1. In case 2, 
conventional model calibration was applied to calibrate distributions of the model bias δ 
and the random variable x7 simultaneously. Many feasible solutions could be obtained in 
this case and one set of the identified central moments of the model bias δ is 1.0014, 
0.2655, -1.0494, and 5.9634. Comparisons are shown in Fig. 2 between the true and 
identified model bias and between the true and predicted system performance. Although 
the agreement is maximized between the calibrated model prediction and virtual 
experimental data, the model bias δ and statistical properties of x7 are both wrong.  

 
(a)  

 
(b)  

Figure 1: Comparison of Model Bias and System Performance in Case 1 
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(a)  

 
(b)  

Figure 2: Comparison of Model Bias and System Performance in Case 2 

5.2 Thermal Problem 

A thermal problem [13] was developed by Sandia National Laboratory as a workshop for 
the study of model validation. The subject is a safety-critical component, which is 
schematically shown in Fig. 3. The component is subject to a constant heat flux rate q 
with the thickness L. Temperature of the component at location x is expressed in Eq. (11). 
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where T0 is the initial temperature; k is the thermal conductivity; and ρ is the volumetric 
heat capacity. Specifically, parameters k and ρ  have unit-to-unit variability due to the 
manufacturing tolerance. For safety reason, probability that surface temperature exceeds a 
failure temperature (T=900oC) should be less than 1% after exposure to a heat flux q = 
3500 W/m2 at time t = 1000 s. To validate the model in Eq. (11), experiments were 
conducted at four design configurations shown in Fig. 4, where four data sets were 
available for each design configuration. Two more accreditation experiments were 
conducted at the 5th design configuration to check model accuracy after the model 
validation.   

 
Figure 3: Schematic View of a Safety-Critical Component 

L
x

q k, ρ
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Figure 4: Validation Experiments at Five Design Configurations 

Calibration experiments were conducted to study random properties of k (thermal 
conductivity) and ρ (volumetric heat capacity). Experimental results of the volumetric 
heat capacity are shown in Fig. 5(a) where six experimental data are available at each 
temperature level. It is observed in Fig. 5(a) that randomness of the volumetric heat 
capacity shows no clear dependence on the temperature. Hence, all experimental data (30 
data) were used to characterize its statistical properties using the Johnson system [20]. 
Comparison between the data and the best fitted distribution is shown in Fig. 5(b). The 
thermal conductivity (k) is assumed to be independent on the temperature and its 
statistical properties were characterized on the basis of six experimental data using the 
Johnson system as shown in Fig. 6.  

 
(a) 

 
(b) 

Figure 5: Statistical Properties of Volumetric Heat Capacity 
 

 
Figure 6: Statistical Properties of Thermal Conductivity 

Uncertainty quantification was conducted to calculate the thermal responses at four 
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design configurations using Eq. (11) and MCS. Comparison is shown in Fig. 7 where 
circles stand for the experimental data and lines denote the mean and 95% Confidence 
Interval (CI) of the model prediction. Qualitatively speaking, the degree of agreement 
varies at different time. In general, we can conclude that the original model prediction is 
inaccurate and hence reliability prediction at the intended application (see Fig. 4) is 
problematic.   

 
(a) Configuration 1 

 
(b) Configuration 2 

 
(c) Configuration 3 

 
(d) Configuration 4 

Figure 7: Comparison between Original Model Prediction and Experiment  
To improve accuracy of the model prediction, model bias was characterized using the 

MEP method at four design configurations. Figure 8 shows the mean and 95% CI of the 
identified model bias. In particular, the model bias converges to constant values for the 3rd 
and 4th configurations as shown in Fig. 8(c) and (d). Figure 9 shows comparison between 
the corrected model prediction and experiment and it indicates that accuracy of the 
corrected model prediction is significantly improved at four design configurations.    

 
(a) Configuration 1 

 
(b) Configuration 2 
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(c) Configuration 3 

 
(d) Configuration 4 

Figure 8: Mean and 95% CI of the Model Bias  

 
(a) Configuration 1 

 
(b) Configuration 2 

 
(c) Configuration 3 

 
(d) Configuration 4 

Figure 9: Comparison between Corrected Model Prediction and Experiment 

To check model accuracy after the model validation, model bias at the 5th design 
configuration was first obtained (see Fig. 10(a)) with the aid of the constructed response 
surface of the model bias; the corrected thermal prediction was then calculated by adding 
the identified model bias to the original model prediction. Comparison is shown in Fig. 
10(b), where circles stand for two sets of experimental data and lines denote the mean and 
95% CI of the corrected model prediction. At each time step, the degree of agreement is 
consistent and the corrected model prediction shows very well agreement with the 
experiment results.  
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(a) Model bias at configuration 5 

 
(b) Comparison at configuration 5 

Figure 10: Model Bias and Corrected Model Prediction at Configuration 5 

6. Conclusion 
This paper developed a model validation approach to improve accuracy of computational 
models in the design space under uncertainty. In Particular, a two-step calibration 
procedure was first proposed to distinguish model calibration and validation. Next, the 
MEP method was proposed to accurately characterize the model bias at specific design 
configurations. The MEP method is able to approximate arbitrary distributions of the 
model bias using the first four central moments. Finally, an approach to build response 
surface of the model bias was developed in order to improve accuracy of computational 
models in the design space. Effectiveness of the proposed approach was demonstrated by 
a modified vehicle side impact problem and by a thermal problem. As a limitation, the 
proposed approach is inappropriate if the model prediction cannot be represented by a 
performance value such that there is no way to identify the model bias as a performance 
difference between the test and the model prediction, or if the model bias (i.e., mean, 
standard deviation, skewness, and kurtosis of the model bias) is random over the design 
space such that response surface of the model bias is inaccurate.  
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